Rim and back geometry determine much of the behavior of sound inside the pot, whose effect on total, produced sound is subtle but discernible. The theory of sound inside a cylinder is reviewed and demonstrated. And previous work on the Helmholtz resonance and the interplay between the Helmholtz resonance and the lowest head mode is revisited using some improved techniques. * politzer@theory.caltech.edu;
I. INTRODUCTION & OUTLINE
Some years ago, Joe Dickey offered a simple physics model of the banjo. [1] He considered ideal strings attached through a point mass to the center of an ideal drum head. With enough approximations and simplifications, such strings and drum head are soluble systems. And the model allows one to follow the action from an initial string pluck to the radiated sound.
Another relevant system is the air motion inside the pot. With some simple approximations, it is also, by itself, a soluble system. However, there are two caveats. While its impact is relevant to the concerns of builders and players, it is admittedly only a small piece of the total. And, perhaps more significantly, the coupling of the inside air to the head is strong but not well understood. Internal air pressure variations make contact over the entire surface of the head, and that certainly effects how the head moves. But how that plays out has not been studied in any particular detail. This note is really just an addendum to an earlier work, The Open Back of the OpenBack Banjo. [2] That was an investigation of the effects of rim height on air loading of the lowest frequency head motion and on the pot's Helmholtz resonance. Here I compare the well-understood calculation of sound resonances of cylindrical cavities to measurements on those same three banjos, identical except for their rim heights (shown in FIG. 1) . Again, admittedly, rim height relevance is somewhat indirect. The banjo's sound comes overwhelmingly from the vibration of the head. The influence of the pot internal sound is through its coupling to the head. That interaction is understood only qualitatively rather than in detail.
Another caveat concerns the significant differences between the transient response due to a pluck and the steady-state response to continuous driving. Dickey's strings and head and virtually all discussions in the acoustics of musical instruments consider systems in terms of their steady-state response. Transients of coupled systems, even if they are linear, are more complex. [3] (For example, the modes of specific frequencies are, in general, not normal or orthogonal.) Nevertheless, for systems where the damping is weak, the steady-state resonant spectrum is a good starting point. The air pressure resonance solutions have specific frequencies and are products of a function of r times a function of θ times a function of z. The z-dependence is the simplest and the most relevant to the question of rim height effects. The z pressure function is sinusoidal, with maxima at the top and bottom of the cylinder. So this is a series of integer numbers of half waves that fit in the cylinder. Importantly, the series starts with zero. The lowest frequency z contribution to the total pressure function is independent of z. So, for a squat cylinder, the several lowest resonances have oscillating pressures that are independent of z.
The air motion at those resonant frequencies is purely in the r-θ plane. That also means that cylinders with the same diameter have the same resonant frequencies, independent of their z total dimension (rim height), at least until the first z-dependent resonance is reached.
The lowest z-dependent resonance is independent of r and θ and is simply a single half wave. So its wavelength is just twice the rim height, and its period is the time it takes for sound to bounce once back and forth from top to bottom to top. And the frequency is one over the period.
It is particularly noteworthy how the r, θ, and z motions combine to produce resonant frequencies above that lowest z-dependent resonance. In particular, for the combined motions, 5 the frequencies of the separate factors "add in quadrature.," i.e., we take the square root of the sum of the squares -like finding the hypotenuse of a right triangle. In particular, there is a series of frequencies that involve motion in the r-θ plane that are independent of rim height. Above the first z-dependent resonance, we multiply that z-dependence with the series of r-θ resonance functions to get the total pressure dependence. The frequency of the product is the two separate frequencies added in quadrature. Again for the squat cylinder, there are many z-independent resonances before the first z mode appears. When that mode is "dressed" with the possible r and θ dependences, the resulting sequence is much closer spaced in frequency than the original z-independent series -at least in cases where the lowest z frequency is much higher than the r-θ frequencies in question. Measurements were carried out on three Goodtime rims. likely not the culprits. But the double-sticky foam tape and masking tape mounting of the speakers, microphones, and wires might not be as reproducible as some properly machined apparatus. Similar small variability was also observed across the whole frequency range, likely of the same origin. However, the prominent, high peaks were always identifiable at nearly the same frequencies.
The strength of a resonance in a system of multiple parts depends on two things. First, how well does the driving match the geometry of the resonance? To get a strong response, you have to push in the right place. Pushing in the wrong way might not get any response at all. And second, the effectiveness of a push of a fixed frequency depends on how close that frequency is to the resonant frequency. Both of these must be kept in mind when addressing the real question of interest of does string vibration turn into sound.
III. HELMHOLTZ AND HEAD RESONANCES
The theory here is crude but simple. For pots that differ only by their rim height, the Helmholtz frequency should be inversely proportional to the square root of the height. The lowest head mode couples strongly to the Helmholtz mode. In the absence of that coupling, The Helmholtz resonances can be decoupled from the head by using a plywood head.
A 2 1/2 speaker is mounted at the center in the head rather than on it. In particular, the diaphragm of the speaker forms part of the pot outer wall. Its motion compresses and expands the air inside, which is precisely the Helmholtz resonance motion. In contrast, the pots. That's the one between 800 and 900 Hz. The obvious interpretation is that these are the lowest "closed" cylinder resonances. As long as the taps were not all exactly at the center (which is on a pressure node line for those lowest cylinder resonances), they should be excited to some extent. Not only are they rim-height independent as expected, they are clearly there when the pot is not sealed and when the head is allowed to vibrate. And that is why the calculation and measurement of the sealed cylinders is not irrelevant. They decrease in frequency with increasing rim height. The highest is the same for all rims and is the lowest "closed" cylinder mode. The subtle details give additional support to these identifications.
The 900 Hz resonance appears with the microphone in front and not particularly when the mic is close "at the spacer," i.e., at the sound hole. That makes sense because the lowest closed-cylinder resonance involves air motion in the r-θ plane, moving from side to side. The pressure is higher on one side than the other, alternating back and forth at ∼900 Hz. Those pressure variations push on the head and contribute to its up and down motion. However, there's little reason for much air to venture out through the sound hole. In contrast, the lowest head mode pushes air in and out the sound hole. And similar air motion is a defining part of the Helmholtz resonance. What happens typically [6] is that the lower frequency combined motion occurs with both head and air volume pushing and pulling in the same direction at the same time. In that case, there is air motion in and out of the sound hole and vibration of the enter of the head. The typical higher frequency combined motion has the two effects opposing each other. The head still moves and makes sound but the net motion at the sound hole is far smaller -because the head is pushing it one way and the internal air is pushing it the other way. In the measured sound, the lowest resonance is comparably visible in front and at the sound hole. The second higher resonance is much stronger in front 13 than at the sound hole.
Recording in a modest size room definitely produces wiggles in measurements of this sort.
The frequency of the speaker is swept very slowly through some range. There is always a room resonance very near to the driving frequency. That sets up standing waves with nodal planes. As the frequency slowly shifts, those planes move about. In particular, they pass One basic aspect that distinguishes waves from particles is how they combine. With two sources of particles, the particles add. With two sources of waves, the waves combine so that at some places and times they might completely cancel, while at other places and times their combined intensity (loudness) is greater than the sum of the two. There are ways to build up wave physics from trajectories, but those trajectories have to be combined with this addition/cancellation aspect strictly respected. There is certainly legitimacy to the notion that sound bounces in and around an instrument. However, there are always many bounces for a musical sound, even if it dies off relatively quickly. In most optics situations, the light bounces just once off a given mirror. (There are high tech and laboratory situations where multiple bounces are relevant. In such cases, considering the entire light field all at once is usually more effective than trying to combine the successive bounces.) There are acoustics situations where just one bounce is the dominant effect. But the wave aspects emerge as relevant when combining waves, even with just a couple of overlapping waves. Musical sounds almost invariably involve many reflections. Strictly speaking, the perspective offered by resonances rests on an assumption of infinitely many reflections and assumes a steadystate situation. There are subtle issues for which that is misleading [3] , but it is generally a good starting point.
V. CONCLUSION
Everything works the way it should. To get to the produced sound, there are certainly a lot of details and quantitative connections that are far beyond simple physics. But several pieces of the puzzle have been examined here, and they behave as expected. Increasing the pot depth lowers the frequency of the lowest vibrations that the banjo can produce. That was discussed in an earlier paper. [2] The additional perspective offered here is how the pot depth effects the whole spectrum of response. Missing is a detailed picture of how the air resonances talk back to the head. That's really a good question.
